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sure p = 10 X 10 ~5 dyne/cm2, the resulting deflection is
negligible in the cases already treated; for very slender rods,
solar pressure effect may predominate because of dependence
on/-1.

Concluding Remarks

The discussion in this note allows one to draw conclusions
on the plausibility of assumptions made by earlier investi-
gators. The numerical results show that thermal deflections
are relatively insensitive to the form of variation of the heat
input function in the axial direction.
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total moments of inertia of parts 1 and 2 about any
axis in x, y plane, and about z axis, respectively

moments of inertia of parts 1 and 2 about z axis
constant of integration (amplitude of 7)
viscous damping coefficient, torque/angular velocity
torque component applied to part 1 by part 2 along

z direction
inertia dyadics of parts 1 and 2 referred to x, y, z axes
unit vectors along the x} y, z body axes, respectively
applied angular impulse vector [see Eq. ( 19)]
torsional spring constant, torque/angular displace-

ment
total system angular momentum vector
applied torque vector to system
unit vector in direction of component of «i on x, y

plane
frequency of oscillation of y
exponential decay constant
time
axes of the inertial coordinate system; Z axis coin-

cides with angular momentum vector
principal axes of entire system, fixed in part 1 with

origin at system center of mass; z axis is axis of
revolution

angular rotation between parts 1 and 2
constant of integration (phase angle associated with

7)
Euler angles in zZ, xy, and X Y planes, respectively

(Fig. 1 ) ; 0 is precession half-cone angle
- A)/ A

= angular velocity vector
= constants of integration; £1 is complex
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Subscripts and superscript
x, y, z — components along x, y, z axes; xy denotes com-

ponent in xy plane
1, 2 = portion associated with or applied to part 1 or 2,

respectively
0 = value immediately prior to applied impulse

Introduction

AS a result of the large size required for possible rotating
-£*- manned space stations, as well as weight limitations on
structural elements, these vehicles may be quite flexible.
In this note the dynamic effects of concentric torsional oscil-
lations of a vehicle (Fig. 1) are discussed. Constraints are
considered to prevent relative motion of the two intercon-
nected rigid bodies in any direction other than in concentric
rotation about the axis of revolution. Thomson and Reiter1

have shown that the general motion of a free elastic body
of revolution results in a change in the precession cone
angle. However, for the configuration considered herein,
gyroscopic effects do not induce elastic vibration, and it is
shown that the over-all precessional motion is independent of
the relative oscillations of the two members.

Analysis

The center of mass of parts 1 and 2 (Fig. 1) need not coin-
cide in the z direction. The axes are selected as fixed in part
1 or its imaginary extension (if the system center of mass
does not fall within the confines of that part). The angular
velocities are

G>I ; + jcoy + kcoz (1)
By summing the angular momentum of all of the particles
and noting that the moments of inertia of part 2 are constants
in the body reference frame, the system angular momentum is

The components of the torque along the body reference axes
are obtained by projecting the spatial derivative of L on this
coordinate system:

N = (dL/dt) + G>! X L (3)

For the case of the free system, N is zero. In addition, g is
assumed to be a function of 7 and 7 only:

A co* + (C - A)coyco2 +

Auy - (C - A)co*co2 -

Cco2 + C2T = 0

Cico. = g(y, 7)

From Eqs. (6) and (7)

= 0

= 0

co, = Q2 - (yC2/C)

(4)

(5)

(6)

(7)

(9)
where 122 is a constant of integration. With the use of this
result, the solution to Eqs. (4) and (5) is

co/12 = exp{/2;[X + (yCz/C)]di} (10)
where co = co* + iuy, \ = 122(C — A) /A, and 12 is a complex
constant of integration. Since the modulus of the right-
hand side of Eq. (10) is unity, the projection of G>I and 0)2 on
the x, y plane is a constant :

|coj = 1Q1 = (co,2+ co,2)1/2 =QXV (11)

From Eqs. (2) and (9)

L = A(icox + jcoy) + kO22 = A nxyttxy + kCQ. (12)

It is seen that the projection Lxy of L on the x,y plane is
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Fig. 1 System model and coordinates.

colinear with the projections of G>I and (02. In consequence,
L, G>I, <o2, and the z axis lie in the same plane. Let the Z
inertial axis be oriented along, and directed toward, L.
From Eq. (12), the half-cone angle between the Z and z axes is

tan0 - Lxy/L2 = A (13)

The Euler angles used in locating part 1 are shown in Fig.
1. Since 6 is constant,

= \p sin0 = \f/ sin0

cos0 (14)

where <jp and \j/ are the angular velocity components along
z and Z. From Fig. 2 [or alternately by substituting Eqs.
(14) into (11) ], using Eq. (12) to obtain sin0,

= L/A (15)

Both the precessional velocity (\f/) and 0 are constants and
are given by the same relations [Eqs. (15) and (13) ] as in the
rigid-body theory. Solving the last equation of (14) for <p and
then using Eqs. (9, 15, and 13), the spin velocity of the axes

becomes
<p = -X - yCz/C (16)

from which <p2 may be obtained simply by adding y to this
value.

Assuming that the solutions to Eq. (8) are stable, so that
the phase trajectories decay with time, the following con-
clusions may be ascertained. The free motion of the system
may be described by a constant 0, a constant ^, and varying
spin velocities of the two members that approach the same
constant — X as the time varying portions decay. The solu-
tions indicate that, unless y or y is excited initially, the system
will behave as a rigid body of revolution. Even if these
values are excited initially, the results approach those for a
rigid body as time increases.

As an example, suppose the relative motion between parts
is governed by a linear spring and damper. Then

+ (17)g(v, T) =
The solution to Eq. (8) is

y = #exp(-$) cos(pt - f) (18)
where q = /(Cr1 + C^/2, p = (2Kq/f - g2)1/2, and E
and f are constants of integration. This solution may be sub-
stituted readily into Eqs. (10, 9, and 16) to obtain co*, co^,
coz, and <p as functions of time.
Response to impulse torques

The following angular impulse is considered:

(19)

Fig. 3 Angular mo-
mentum change due to
Jz applied to part 2.
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N = (dL/dt) + o>i X L, and in order that J remain finite,
angular accelerations, but not angular velocities, are per-
mitted to tend toward infinity during the limiting process;
thus J = AL and

Jx = Jy =
Jtl =

Jz

JZ2 = Jz- (20)

Hence, given any J, new co's may be computed which may
be used as initial conditions in the solutions previously ob-
tained for the free motion of the system. It is seen that, if
7 and 7 are initially zero, and if JZ1 = JZ2 = 0, then 7 is not
excited, and the system will respond as if it were a rigid
body.

As an example, JZ2 is considered with 7 and 7 initially zero,
a situation that might accompany a correction made by the
spin control jets of a rotating space station. From the first,
second, and fourth expressions of Eqs. (20), co*, coy, and co*
remain initially unchanged by the impulse, since the asso-
ciated impulse components are zero; 7 changes in accordance
with the remaining relations :

Jz = at t = 0<+> (21)

The angular velocity components, prior to application of
the impulse, are defined as £lxy° and 122°. From Eqs. (2)
and (21), the angular momentum following the impulse is

L = nxvAQxy* + k(02,0 + J,) (22)
The system immediately begins precessing about the new
angular momentum vector (Fig. 3); 0 may be obtained from

tan<9 = A + /,) (23)

Since tan0, prior to the impulse, is (A$lxy
Q) / (C£1Z

Q) , the angu-
lar variation is given by

tan(0° - 0) = A (24)
The precessional velocity is changed in accordance with Eq.
(15)

i = L/A = [(AQtt«)* + (CQ.« + J.W/A (25)
In view of the values of 7 and 7 immediately after applica-
tion of the impulse, Eq. (9) reveals that 12Z = 122° + JZ/C;
thus, from Eq. (16),

£ = -(Q,° + J,/C)(C/A - 1) - yCt/C (26)
It may be verified that the new 6 and \j/ are the same values
that would occur if the system were rigid and subjected
to the same angular impulse k/z under the same initial condi-
tions. Also, again assuming that the solutions to Eq. (8)
are stable, <p and ^2 approach the corresponding values for
the rigid system as time increases.

If 9(7, T) is linear, as in the previous example, then, from
Eq. (18), f - 7T/2, and E = Jz/C2p. Hence, the relative
angular motion and the spin velocities of parts 1 and 2 are,
respectively,

7 = (Jg/Czp) exp(-qt) smpt (27)
V= -[Q.°+ (JZ/C)]((C - A)/A}-

(Jz/Cp) exp( — qt)(q sinpt — p cospt) (28)

^ 2 = -[0,o+ (J,/C)][(C - A ) / A ] -
[(1/C2) - (l/C)](Jz/p) exp(-qt)(q smpt - p cospt) (29)

Conclusions

The free motion is characterized by a relative elastic vibra-
tion between members which decays if an energy dissipation
mechanism is present, whereas the over-all system precesses
at a uniform rate about the system angular momentum
vector and at a constant half-cone angle 6. When there is
no initial vibration, an applied impulse torque, which lies in

the x, y plane of the body axes, does not induce elastic mo-
tion, and the system responds as if it were rigid. If the im-
pulse torque, applied to the outer portion, contains a z com-
ponent, the new 0 and precessional velocity are the same
values as would occur for a rigid body, whereas the spin
velocity approaches the corresponding rigid-body value as
time increases.
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Handling Qualities Criteria for Manned
Spacecraft Attitude-Control Systems

ROBERT 0. BESCO*
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IN specifications of system performance and handling quali-
ties criteria for spacecraft, there does not yet appear to

be common definitions of maneuvers, forcing functions, or
even the control systems. The precise definitions of control
modes and maneuvers are usually given in system and mission
specific terms that do not permit comparisons among different
systems and missions. This occurs even with an organiza-
tion. When the differences between local definitions are
superimposed, it is nearly impossible to compare or utilize
data from various sources. For example, the direct control
of reaction jets by an astronaut has been referred to as direct
manual, reaction-jet, acceleration, on-off, and manual pulse-
width modulation.

In the first phase of this program,1 an attempt was made to
define spacecraft attitude-control systems in the most funda-
mental of terms that would be common to all types, i.e.,
in terms of the resulting angular-acceleration response.
Angular-acceleration response was defined as having the
following five fundamental characteristics: amplitude, dura-
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Fig. 1 RMS error as a function of TAR and type of distur-
bance torque.

Presented at the AIAA/NASA Third Manned Space Flight
Meeting, Houston, Texas, November 4-6, 1964 (no preprint
number; published in a bound volume of preprints of the meet-
ing); revision received April 14, 1965. The work reported
herein was supported by the Office of Manned Space Flight,
NASA under contract NASw-620.

* Group Head, Display Systems Department, Aerospace
Group.


